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Abstract 

Applying Miyamoto's Zs-orbifold construction to the lattice vertex operator algebra 
' associated to the Niemeier lattice with root lattice A^'^ and a certain automorphism of 

' order 3, we construct a new holomorphic vertex operator algebra of central charge 24 

QQ ' whose Lie algebra of the weight one space is of type A2, which corresponds to No. 6 



(N 



O 



on Schellekens' list. Moreover, we classify the holomorphic VOAs of central charge 24 
obtained by Miyamoto's Zs-orbifold construction when the rank of the sublattice fixed 



' by the automorphism of order 3 is equal to 6. 

I'Tj . 1 Introduction. 

d '. The classification of holomorphic vertex operator algebras (VOAs for short) is a fundamental 
problem in VOA theory. By Zhu's theory (see [Z]), their central charges are divisible by 8. 
We know from jPMl] that a holomorphic VOA of central charge 8 or 16 is isomorphic to a 
lattice VOA. Thus the next problem is to classify the holomorphic VOAs of central charge 24. 
In [S], Schellekens gave a list of possible 71 Lie algebra structures of the weight one spaces of 
holomorphic VOAs of central charge 24 (it is mysterious that the number 71 appears here; 
recall that 71 is the largest prime factor of the order of the Monster simple group). So the 
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first step of tlie classification would be to construct 71 holomorphic VOAs of central charge 
24, and check the Lie algebra structures of their weight one spaces. 

It is well-known that the lattice VOA associated to a unimodular, positive-definite, even 
lattices of rank 24 (such a lattice is called a Niemeier lattice) is a holomorphic VOA of 
central charge 24. Because there exist exactly 24 Niemeier lattices (see, e.g., \CS\ Chapter 
16, Table 16.1]), we can obtain 24 holomorphic VOAs of central charge 24 in this manner. 
Also, we can obtain 15 holomorphic VOAs of central charge 24 by applying the Z2-orbifold 
construction associated to the (— l)-isometry to lattice VOAs associated to Niemeier lattices 
(see |FLMt IDGMj ). In |Lat ILSlt ILS2] . Lam and the second named author proved that there 
exist exactly 56 holomorphic framed VOAs of central charge 24, including 39 (= 24 + 15) 
holomorphic VOAs mentioned above. According to Schellekens' list, there should exist 15 (= 
71 — 56) non-framed holomorphic VOAs of central charge 24, which should correspond to: 



No. in [5] 


dim of the weight 1 space 


Lie algebra structure 


3 


36 


-04,12^2,6 


4 


36 


^4,10 


6 


48 


^2,3 


8 


48 


^5,6^*2,3^1,2 


9 


48 


^4,5 


11 


48 


^6,7 


14 


60 


-^4,6^2,2 


17 


72 


^,3^,3^?,! 


20 


72 




21 


72 


^5,3^*2, 2^1,1 


27 


96 


^8,3^2,1 


28 


96 


-E'6,4C*2,1^2,1 


32 


120 




34 


120 


-07,3^3,1^2,1 


45 


168 


-£^7,3^5,1 



Here, Xm,n denotes the simple Lie algebra of type Xm with n its level; we can easily compute 
the level n from the dual Coxeter number of Xm and the dimension of the weight one space 
(see [DMTl (3.6)]). 

In |Mij . Miyamoto established a Z3-orbifold construction to a lattice VOA and an auto- 
morphism of order 3, and then constructed a new (non-framed) holomorphic VOA of central 
charge 24 whose Lie algebra of the weight one space is of type EqG^, by applying his Z3- 
orbifold construction to the lattice VOA associated to the Niemeier lattice L = Ni(i?g) with 
root lattice Q = and its automorphism (of order 3) induced from a lattice automorphism 
0" of L of order 3; this holomorphic VOA corresponds to No. 32 on Schellekens' list. 

In this paper, we also construct a new holomorphic VOA by using Miyamoto's Z3-orbifold 
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construction, which corresponds to No. 6 on Schellekens' hst. Let us explain this result more 
precisely. Let Q be the root lattice of type A!"^ = Al ® ® Al ® A^, and let a be the 
lattice automorphism of Q* = {AD* © {AD* © {AD* © {AD* that sends (/x^, fi^, M3, M4) to 
{xfii, /X4, where x is an element of order 3 in the Weyl group of A2 that acts fixed- 

point-freely on AD Then, the Niemeier lattice L = Ni{Al^) is isomorphic to a sublattice of 
Q* that is stable under a, and induces an automorphism of the lattice VOA Vl associated to 
L, which we denote also by cr. Applying the Zs-orbifold construction to Vl and a G Aut(V/,), 
we obtain a holomorphic VOA V£ of central charge 24, which is a Za-graded, simple current 
extension of the fixed point sub VOA V[ under a G Aut(Vi). We prove that this holomorphic 
VOA corresponds to No. 6 on Schellekens' list by showing that the Lie algebra of the weight 
one space is of type A^ 

It is common to these two holomorphic VOAs obtained by the Zs-orbifold construction 
that the rank of the sublattice of the Niemeier lattice L fixed by a is equal to 6. So, 
in this paper, we focus on the case that the rank of the fixed point sublattice is equal to 6, 
and prove that if a Niemeier lattice L and its lattice automorphism a of order 3 satisfy the 
condition that rankL*^ = 6, then the holomorphic VOA obtained by applying the Zs-orbifold 
construction to the lattice VOA Vl associated to L and the automorphism of Vl induced 
from a is isomorphic to the lattice VOA associated to a Niemeier lattice, the holomorphic 
VOA constructed by Miyamoto |Mij . or our holomorphic VOA mentioned above. In order to 
prove this theorem, we first show that if a is contained in the Weyl group of the root lattice 
of L, then the holomorphic VOA V[ is always isomorphic to a lattice VOA. Secondly, we 
show that if L is isomorphic to the Leech lattice, then the Zs-orbifold construction gives the 
Leech lattice VOA again. Finally, we prove that if a is not contained in the Weyl group, and 
L is not isomorphic to the Leech lattice, then either of the following holds: L is isomorphic to 
Ni(y42^) and a is conjugate to the lattice automorphism mentioned above, or L is isomorphic 
to Ni(£'|) and a is conjugate to the lattice automorphism given in [Mi] . 

This paper is organized as follows: In Section [21 we review the construction of lattice 
VOAs from [LLj . and that of twisted modules from |Lel IDL2] . We also recall Miyamoto's Z3- 
orbifold construction. In Section [31 we describe the Niemeier lattice L = Ni{A\^) with root 
lattice A^^, and introduce a lattice automorphism a of L of order 3 based on |CSj . Then we 
prove that the Lie algebra of the weight one space of the holomorphic VOA V£ obtained by 
the Zs-orbifold construction is of type AD and hence that this holomorphic VOA corresponds 
to No. 6 on Schellekens' list. In Section [H we classify all the holomorphic VOAs of central 
charge 24 obtained by applying the Zs-orbifold construction to a Niemeier lattice VOA and 
the VOA automorphism induced from a lattice automorphism a in the case that the rank of 
the sublattice fixed by a is equal to 6. In Appendix, we give another proof for the result in 
|Mil §5.2] by using the construction of twisted modules due to [Lei IDL2] . 
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2 Review. 

2.1 Lattice VOAs and their automorphisms. In this subsection, we review the def- 
inition of a lattice vertex operator algebra (VOA for short); for the details, see, e.g., |LH 
§§6.4 and 6.5]. 

Let L be a positive-definite, even lattice with Z-bilinear form (■ , ■). Regard f) := L®zC as 
an abelian Lie algebra, and define its affinization to be the Lie algebra [) := [)®C[t, t~^] ©Ck 
with Lie bracket given by: 

[x ® t"\ 1/ ® t""] = Sm+n,o'm'{x, ?/)k for X, y & i) and m, n & Z, 

[I k] = {0}; 

for simplicity of notation, we denote h^t"^ hj h{m) for /i G {) and m ^ Z. The Lie subalgebra 
b := [) (g> C[t] © Ck C [) acts on the one- dimensional vector space C as follows: for c G C, 

/i(m) ■ c = for all /i G f) and m G Z>o, k • c = c. 

Then we define 

M(l) := Ind^C. 

Fix a positive even integer s G 2Z>o- Let us define Cq : x L — t- Z/sZ by: 

g 

co{a, /3) = -{a, (3) + sZ, 

which is an alternating Z- bilinear map. Let Eq : L x L ^ Z/sZ be a 2-cocycle corresponding 
to Co : L X L — 7- Z/sZ, normalized as: eQ{a, 0) = £0(0, a) = for all a E L. Let (k) be the 
cyclic group of order s. We define a product on 

L := {{kP, ea)\pe Z/sZ, a e L} 

as follows: for p, q E Z/sZ and a, (3 E L, 

{kP, e„) ■ e;3) := {k^^^+'^^'^'^I e^+p). 

Then, L is a group with cq) the identity element, and is the central extension of L by 
the cyclic group (k) of order s with cq : L x L ^ Z/sZ the commutator map. The cyclic 
group (k) acts on the one-dimensional space C by: k ■ c = .^c for c G C, where G C is a 
primitive s-th root of unity. Define 

C{L} := C[L] ©(,) C, 
4 



where C[L] denotes the group ring of the group L; remark that |e" := 6^) ® 1 | ot G L j 
is a basis of C{L}. 
Now, set 

:= M(l) ®C{L}. 

Then, Vj, admits a VOA structure whose central charge is equal to the rank of the lat- 
tice L (which is independent of the choices of s, eo? and Recall that the weight of 
hk{—nk) ■ ■ ■ hi{—ni)l ® G Vl = ^(1) ® C{L}, where hi, . . . , hk E i), ni, . . . , E Z>o, 
and a G L, is given by: 

(a, a) ^ 
nfc H h ni H ^ — G Z>o. 

In particular, the weight one space (Vl)i of is spanned by 

{/i(-l)l ® e° I /i G [)} U {1 ® I a G A}, 
where A := |a G L | (a, a) = 2}, the set of roots in L. Denote by 

y(- ,z):Vl^ (Endc\4)[[^, z-% a ^ Y{a, z) = Y^anZ^''-' 

the vertex operator for Vl. For latter use, let us recall the definition of Y{a, z) for some 
special a G Vl. First, the Lie algebra f) acts on Vl = M{1) ® C{L} as follows: k G f) acts as 
the identity, and for /i G I) and n G Z, 

({h,P){u^e^) ifn = 0, 
h{n){u^e'^) = < for M G M(l) and /3 G L. 

[ {h{n)u) O if n 7^ 0, 

Also, for a G L, we define z" G IIomc(VL, Vl[z, z~^) by 

z'^{u ® e^) := ® e^) for u G M(l) and /3 G L. 

In addition, the group L acts on = M{1) ^ C{L} as follows: 

g ■ {u ® v) = u ^ {g ■ v) ioi g E L and n G M(l), G C{L}, 
where the g ■ v above is given by the natural action of L on C{L}. In particular, 

e„) ■ {u ® e^) ■.= u® (f o(«,/3)ga+/3^ a, /3 G L and u G M(l). 

We have 

r(/i(-l)l®e°, 2) = for/iGt), (2.1.1) 

r(l (8)e", z) = E-(-a, 2)E+(-a, z) (k°, e„)z" for a G L, (2.1.2) 

g2 

where 

— alra] 



E^{-a, z) := exp I ^ 

\nG±Z>o 
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2.2 Twisted modules over lattice VOAs. Keep the notation in §2.11 An automor- 
phism of the lattice L is by definition, a Z-module automorphism a of L satisfying the 
condition that (era, a/?) = (a, /3) for all a, /3 G L. Denote by Aut(L) the group of all lattice 
automorphisms of L. Let a G Aut(L) be of odd order. With notation in set s := 2|cr|, 
where |o"| denotes the order a. Replacing Eq : L ^ L ^ %j 8% with 

(a, /3) I-)- ^ £o(o"''a, for a, /5 G L 

if necessary, we may assume that 5o is c-invariant. We deduce that the lattice automorphism 
cr G Aut(L) naturally induces a VOA automorphism of Vl\ by abuse of notation, we denote 
this VOA automorphism also by a G Aut(VL)- Remark that 

(y{hk[-nk) ■ ■ ■ ® e") = {ah^^-n^) ■ ■ ■ {<jh^){-n^)\ ® e'"^. 

Now, we recall a construction of cr-twisted modules over the lattice VOA Vl from |DL2j 
and |Lej . Their results are valid for a lattice automorphism of arbitrary (finite) order, but 
we restrict ourselves to the case of \a\ = 3 (because it is enough for our purpose). Then, 
s = 2|cr| = 6. Also, set ( := ^"^ E C, which is a primitive 3rd root of unity. 

For n E Z, define f)(„) := {/i G f) | cr/i = C"^}i ^ote that [)(„) = f)(n+3fc) for all n, k E Z, 
and {) = f)(o) ffi ffi f)(2)- Let us define the a-twisted affine Lie algebra associated to the 
abelian Lie algebra {) to be 

:= f)(3n) ® cr © ck 

ne(l/3)Z 

with Lie bracket 

[x ®f^,y® t"] = 5m+n,orn{x, y)k for m, n G (1/3)Z and a; G f)(3m), 2/ G f)(3n), 

k] = {0}; 

for simplicity of notation, we denote h^t^hy h{m) for m G (1/3)Z and /i G P)(3m)- The Lie 
subalgebra 

:= f)(3n) ® cr © Ck C \)[a] 

ne(l/3)Z>o 

acts on the one- dimensional vector space C as follows: for c G C, 

him) -0 = for all m G (l/3)Z>o and h G {)(3m)5 k ■ c = c. 
Then we define 

Mil)\a] :=lnd'^["!c. 
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Define an alternating Z-bilinear map Cq : L x L — )■ Z/6Z by: 

2 

c^(a, P) = J](3 + 2r)(a'-a, /3) + 6Z, (2.2.1) 

r=0 

and then define : L x L ^ Z/6Z by (see [DL2l Remarks 2.1 and 2.2]) 

£5(0, /5) := eo(a, /3) + /3) for a, /3 e L. 

It can be easily checked that is a cr-invariant, normalized 2-cocycle corresponding to Cg. 
We define another product * on L = {(k^, Ca) \ p € Z/6Z, a G L} as follows: for p, q & Z/6Z 
and a, /3 G L, 

(«:^ e,) * (k^ e^) := (^^p+^h-.J^C^,/?)^ g^^^). 

Then, (L, *) is a group with (kq, cq) the identity element; we denote this group by Lo-. It 
can be easily seen that Lo- is the central extension of L by the cyclic group {k) of order 6 
with Cq : L X L — ^ Z/6Z the commutator map. 

Because Eq is cr-invariant, the lattice automorphism cr G Aut(L) induces a group auto- 
morphism a G Aut(Lo-) defined by: a{KP, Cq,) = (k^, Cg-a) for p G Z/6Z and a G L. 

For G f) and G Z, denote by the image of h under the projection f) i){n)] note 
that /i(o) = (1/3) Er-o^'^^ ^ ^ ^- Set 

iV := {a G L I (a, [)(o)) = {0}} = {a G L | a(o) = O}; (2.2.2) 

the (second) equality follows from the fact that {a^a, h) = {a, h) for all r & Z and all a G L 
and h G [)(o), and the fact that (■ , ■) is nondegenerate on [)(o)- Set 

R:= {a e N \ d^ia, N) = 0}, M := (1 - a)L; (2.2.3) 

notice that for a & N, the condition Cq (a, A^) = is equivalent to the condition {a—aa, N) C 
3Z since is stable under the action of a. Then, M G R G N. Also, because 

M ®2 C = (1 - a) (L ®2 C) = © [)(2) = {hei)\{h, [)(o)) = {0}}=N®^ C, (2.2.4) 

=1) 

it follows immediately that N/M is a finite group, and hence so is N/R. 

Now, for a subgroup Q of L, we set Qo- = {('^^, Cq,) | p G Z/6Z, a G Q} (which is a 
subgroup of Lcr). Then, M^. G R^ G A'^-, and as a group, 

= ((k, Co), g(r{gY^ \ 9 G L^). 

By |Le| Proposition 6.1], there exists a unique group homomorphism r : Mq- — )■ := C\ {0} 
such that t{k, cq) = ^ and T{ga{g)~^) = C~ J^r=o('^''9'9)/2 for (y( g Lo-, where for (7 = (k^, e^) G 
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Lo-, we set 'g := a E L; observe that Yll=o{'^^^^ ^ 2Z for all a E L. It is known 
from |Le[ Proposition 6.2] (see also [DL2| Remark 4.2]) that there exists a finite-dimensional 
irreducible A'cr-module T of dimension \N/R\^^'^ on which acts according to r : M^- C^, 
i.e., g ■ t = T{g)t for G M^- and t E T. Set 

f/r := Indl^ T. 

Remark 2.2.1 (see |Lel Section 7]). Because the image of r : Mg. — is identical to the 
cyclic group {^) of order 6, it follows immediately that Mg./ ker r is a finite group. Also, since 
N/M is a finite group as seen above, so is Nf^/M„. Thus, N^/'keir is a finite group. Since 
every element in kerr acts on T as the identity, we conclude that each g E N„ acts on T 
as a linear automorphism of finite order. In particular, the action of each g E N„ on T is 
semisimple. 

Now, we define 

Vl := M{l)[a]®UT. 

Then we know from |DL2l Theorem 7.1] that admits a cr-twisted Vi-module structure. 
Note that Vl = M{l)[a]<^UT is spanned by the elements of the form: hk{—nk) ■ ■ ■ /ii(— ?ii)l® 
{g ■ t) with ni, . . . , rik E (l/3)Z>o, h E i){3ni), ■ ■ ■ , hk E i)(3nk), and g E L^, t E T. The 
weight of an element of the form above is given by 

nk + --- + ni+p+ ^(^(0), ^(0)) e p + (l/3)Z>o, (2.2.5) 



where 



In particular. 



^ ■ 36 

r=l 



1 ^ 1 

-^r(3 -r)dim{)(^) = — (dim()(i) +dim{)(2)). (2.2.6) 



{V[)p = CI ® T with dim(Vf )p = |iV//?r/^ (2.2.7) 

notice that for g E L^, 

(^(0). ^(0)) = ^(0) = 5 e ^ e iV^. 



Denote by 



nG(l/3)Z 



the cr-twisted vertex operator for V^. For latter use, let us recall the definition of Y„{a, z) 
for some special a E Vl. First, the Lie algebra \)[a] acts on V'[ = M{l)[a] ® Ut as follows: k 
acts as the identity, and for n E (1/3)Z and h E f)(3n), 

, \{h,g(^o)){u®{g-t)) ifn = 0, 

h{n){u ® {g ■ t)) = I (2.2.8) 
{h{n)u) ®{g-t) if n 7^ 
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for u G M{l)[a] and geL^.teT. For a G L, define ;z°(o) G Homc(V^, V^[z^/3^ ^-^/^^j) by 
(g) (51 ■ t)) := O (51 ■ t)) for u G M(l)[cr] and g eL^,teT. 

In addition, the group acts on as follows: 

g ■ {u ® w) = u ® {g ■ w) for X G Lo- and u G M(l)[cr], ti; G f/r- 

Now, we deduce from jPLl (4.40) and (4.45)] that 

r.(/i(-l)l®e°, z) = 5^ /i(3„)(n)z-"-i; (2.2.9) 

nG(l/3)Z 

observe that Z^z(/;,(— 1)1 ® e°) = 0, where Az is defined as [DL21 (4.42)]. Also, we know from 
jDL2l (4.34) and (4.39)] that for a G L, 

F^(l®e", z) =3-(".°>/2(i _^-i)(-°,«)x 

E-{~a, z)E+{-a, 2) (^VO (2.2.10) 

where 

\ne±{l/3)Z>o / 

Recall that for every a G (Vl)i, the 0-th operator ^ Endc(V^) (i.e., the coefficient 
of z~^ in Yo-(a, 2;)) is weight-preserving. In particular, the top weight space {VDp is stable 
under the action of oq. 

Lemma 2.2.2. (1) For every h e i), the 0-th operator {h{-l)l ® e°)o G Endc{Vj^) of 
h{—l)l ® e° G (Vl)i acts on the top weight space (V^)p trivially. 

(2) IfaeA\ N, then the 0-th operator (1 ® e")o G Endc(Vf ) 0/ 1 ® G (Vl)i acts on 
the top weight space (V^)p trivially. 

(3) If a e An N, then the action of the 0-th operator (1 (g) e°)o G Endc(V^) 0/ 1 ® G 
(Vl)i on (Vjf)p semisimple. 

Proof. (1) By (12:2:91) . we have (/i(-l)l ® e°)o = /i(o)(0). Because (yf)^ = CI ®T by ([223), 
it follows immediately that {h{—l)l ® e°)o = /i(o)(0) acts on the top weight space (V^)p 
trivially. 

(2), (3) Let a G A, and let 1 » t G {Vl)p = CI ® T. Set := (k°, e«) ■ t G f/r, 
and d := (a(o), tt(o))/2 G (1/3)Z; remark that d = if and only if a G A^. By (12.2. lOj) . 
(1 CB3 e")o(l ® t) is a scalar multiple of the coefficient of z~^ in 

E~{-a, z)E+{-a, z){k^, ^^■j^a^o)+{Ho),^(o))-{^,»)}/2^i(^ f) 
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= E^i-a, z)Et{-a, z){l ® 1;)^-^+" 
= E;{-a, 

since a(3„)(?7,)l = for all n G (l/3)Z>o 
= (1 ® v)z~^~^'^ + (higher terms). 

If a ^ A^, then the coefficient of in ¥^{1 ® e°, z){l ® t) is equal to (since d > 0), 
which implies that (1 (8> e°')o(l ® t) = 0. Thus we have proved part (2). Assume that a E N. 
Then, {k^, Ca) G A'o-, and (1 ® e")o sends 1 ® t G (V^)p = CI ® T to a scalar multiple of 
l®v = 1® ((/^°, eo)-t). Therefore, by Remark [2.2. 11 (l®e°)o is semisimple on (V^)p. Thus 
we have proved part (3). □ 

The following lemma may be known, but we give a proof for completion. 

Lemma 2.2.3. The a-twisted Vi-module = M{l)[a] ® Ut is irreducible. 

Proof. Let us show that ii W G Vj^ is a nonzero a-twisted V^-submodule, then W = V^. 

First, we show that W contains a nonzero element of the form: u ® {g ■ t) for some 
u G M(l)[o"] and g G t eT. Take a complete set {(^j | i G /} C Lg- of representatives for 
cosets in L„/N^. Then, 

UT = ^g^■T. 

iei 

Let w G W, w 0. There exists a finite subset J of I such that w = J2iej ^« ® idi ' ^i) with 
some Ui G M(l)[cr] and G T for i G J. For each h G [)(o), we have 

/i(0)P|/; = ^(/i, ^(o))P(ui®((7,-ti)) forO<p< |J|-1. (2.2.11) 

Because ^(0), i E I, are all distinct (notice that ^(g) = ^^q^ <^=^ Wi ^ Vj ^ ^ 
gigj^ E A^cr), we can take h G f)(o) in such a way that {h, ^(0)), i E J, are all distinct. Then 
the coefficient matrix of equation system (12. 2. lip (which is a Vandermonde type matrix) is 
invertible. Therefore, for each z G J, Mi ® {gi ■ ti) can be written as a linear combination 
of h{Oyw for < p < I J| - 1. Since h{0) = {h{-l)l ® e°)o by fl2X9|) . and since is a 
cr-twisted Vi-sub module by assumption, we get Ui ^ {g^ ■ ti) E W for every i E J. 

Next, let us show that W includes the top weight space {V^)p = CI ® Ut- Take g E 
and t E T such that 

Wn{M{l)[a]®{g-t)) j^{0}. 

By virtue of 02.2.81) and 02.2.91) . both of and M(l)[(T]®(5f-t) are ^[a] -modules. Furthermore, 
we deduce by standard argument (as for the Fock space over the Heisenberg algebra) that 
M( l)[cr](g) (get) is an irreducible ^[aj-module. Thus, Wn{M{l)[a]^{g-t)) = M{l)[a]®{g-t), 
which implies that 

W D M{l)[a] ® {g-t). 
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In particular, W D CI ^ {g ■ t). Now, for g' = {kF, Ca) G Lo-, we deduce, as in the proof of 
part (2), (3) of Lemma [2221 that 

Y{1 (g) e", z){l (S) {g ■ t)) = C{1 ® {g'g ■ t))'/ + (higher terms) 

for some nonzero C G and d G (1/3)Z; recall that (k, eo) G L„ acts on Ut as a scalar 
multiple by ^. Hence, 1 (fi'''? ■ t) &W for every (7' G which implies that 1®UtC W . 

Finally, since W is an [)[cr]-module as mentioned above, it follows immediately that 
M(l)[cr] ®Ut <ZW, and hence W = M(l)[a] (g) Ut- We have thus proved the lemma. □ 

2.3 Miyamoto's Za-orbifold construction. Keep the notation in the previous subsec- 
tions. Assume, in addition, that 

(i) L is unimodular, and 

(ii) p = ^(dimt)(i) + dimf)(2)) G (1/3)Z (see [HI §5]). 

Assumption (i) implies that the lattice VOA Vl is holomorphic. Also we know from jDLM2t 
Theorem 10.3] that for each r = 1, 2, there exists a unique irreducible cx'^'-twisted V^-module, 
which we denote by Viicr^'); by Lemma [2231 these twisted VL-modules are constructed by 
the method (due to Dong and Lepowsky) mentioned in §2.21 Recall from fl2.2.5p that Vl{(t) 
and VL(cr^) decompose as follows: 

n6(l/3)Z>o ne(l/3)Z>o 

Remark 2.3.1. We see from |DLM1[ Lemma 3.7] that the restricted dual 

VL{ay:= \4(a);+, 

nG(l/3)Z>o 

of Vl(c") admits an irreducible cx^-twisted V^-module structure. By uniqueness, Vl{<j'^) is 
isomorphic to VL^a)'. 

Recall that p G (l/3)Z>o by assumption (ii). Set 

Vl{(t)z = ^L(a)„, VL{a\ = VL{a\, 

and then 

V[:=V[(BVL{a)z(BVL{a\, 
where V£ is the fixed point sub VOA of Vl under a G Aut(V/:,). 

Theorem 2.3.2 ( \Mi\ §5]). We can give V[ a VOA structure whose central charge is equal 
to the rank of the lattice L. Furthermore, the VOA V£ is C2-cofinite and holomorphic. 
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Remark 2.3.3. In fact, the VOA is a (Z/3Z)-graded simple current extension of V^; for 
the definition and properties of simple current extensions, see, e.g., |LY[ §2]. 

Denote by 



Y{- , z) : V[ ^ {EndcVn[[z, z-% a ^ Y{a, z) =Y,(^nZ 



the vertex operator for the VOA VI . Then, for a G V^, 



F(a, z) on 



-n-l 



y(a, z) = { F,(a, z) on Vi(a)z, (2.3.1) 

4( 



K2('a, 2) on Vrfcr^l 



2.4 Proof of i? = M when L is unimodular. Keep the notation and setting in §2.2} 
recall from fl2.2.2p and (I2.2.3P the definitions of A^, i?, and M. The following proposition will 
be used in the proof of Proposition 13.3.31 below. 

Proposition 2.4.1. // the lattice L is unimodular, then R = M. 

This proposition follows from |Le[ Proposition 6.2] and the uniqueness of cr-twisted Vl- 
modules (see §2.31) . but we give a lattice theoretical proof for it here. 



Proof of Proposition IK4 ■ 1\ First, let us show the following claims. 



Claim 1 (see also [Ma[ Proposition 1.1.3]). The quotient Z-module L/N is free. 

Proof of ClaimUi Assume that a + N & L/N, a G L, is finite order, i.e., pa + N = N for 
some p E Z>i. Then, pa E N, and hence a G A^ ®z C. Since A^ (g)z C = f)(i) © f)(2) by (I2.2.4|) . 
we deduce that L fl (A^ ®z C) = A^. Therefore we get a E N, which implies that a + A^ = A^. 
This proves Claim [1] I 

Let P : i) ^ W he the projection from i) = i){o) ® ^(1) ® ^{2) onto A^ ®z C = f)(i) © f)(2). 
Claim 2 (see also [Mat Proposition 1.3.4]). We have 

P{L) = N* := {w E N ®^C\ {w, N) C Z}. 

Proof of Claim\^ It follows immediately from the definition of A^ that for every a E L, 

{P{a), N) = («(!) + a(2), A^) = (a(o) + «(i) + a(2), A^) = (a, A^) c Z. 

Thus we get P{L) C A^*. Let us show the reverse inclusion. By Claim [H there exists a 
Z-basis |ej | 1 < i < rankL} such that |ej \ 1 < i < rankA^} is a Z-basis of A^. Let 
|e* I 1 < z < rankL} C L* be the dual basis. Because L is unimodular, e* E L for all 
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1 < z < rankL. Furthermore we deduce that |P(e*) | 1 < i < rankA^} forms a basis of A^*. 
Therefore we obtain P{L) D N*, and hence P{L) = N*, as desired. I 

Remark that 1 — a gives a hnear automorphism of ®z C, since ®z C = t)(i) © f)(2) as 
seen above, and since A^ is stable under the action of a. 

Claim 3. It holds that 

(1) (1- (r^)w = 3(1 - a)-^w and (1 - afw = -Saw for all w E N ®z C; 

(2) (1 - a^)N* = (1 - a)N*; 

(3) \N/{1- a)N\ = 'i^'^-^^^^'^. 

Proof of Claim Part (1) follows immediately from the fact that 1 + a + = on 
A^ ®z C = f)(i) © f)(2). Because A^* is stable under the action of a, we get 

(1 - (T^)Ar* = -(1 - (t)(t^N^ = -(1 - a)N* = (1 - ct)N*, 

thereby completing a proof of part (2). Let us show part (3). By (1), we have (1 — a^N = 
-3aN = 3N, and hence |A^/(1 - (r)^N\ = \N/3N\ = 3'"'^^'^^. Since 1 - a induces an 
isomorphism from N/ (1 — a)N to (1 — cr)N/ (1 — o')'^N, we obtain 

grankiV _ |^/^^ _ ^^2^| _ |^/(^ _ ^^^| . _ _ afN\ = \N/{1 - a)A^|^ 

and hence |A^/(1 — o')N\ = 3(rankAf)/2^ (jggij-g^j^ Thus we have proved Claim [3l I 

Now, by fl2.2.3p and the comment after it, we have R = E N \ {a — aa, N) C 3Z}. 
Thus, 

i? = 3(1 - a)-^N* ON ={1- a^)N* n A^ by Claim [3](1) 
= (1 - a)N* nN by Claim [3](2) 
= (1 - a)P{L) nN by Claim 

Since 1 — cr = on [)(o), it is obvious that (1 — a)L = (1 — a)P{L). Therefore, R = 
(1 - a)P(L) n A^ = (1 - a)L nN = MnN = M. Thus we have proved the proposition. □ 

3 Holomorphic VOA corresponding to No. 6 on Schellekens' list. 

3.1 Niemeier lattice with root lattice Al^ and its automorphism of order 3. A 

Niemeier lattice is by definition, a unimodular, positive-definite, even lattice of rank 24; for 
the list of all Niemeier lattices, see |CS[ Chapter 16, Table 16.1]. In this subsection, we recall 
the definition of the Niemeier lattice Ni(y42^) with the root lattice, and define a lattice 
automorphism a G Aut(Ni(A2^)) of order 3. 
Following |CS[ Chapter 4, §6.1], we set 

^2 := {{xo, Xi, X2) e \ xo + Xi + X2 = 0}, 
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[0] = (0, 0, 0) e a;, [1] = -(1, 1, -2) e a;, [2] = -(2, -1, -1) e a;. 

If we set 

[0] = [0]+A2, IT] = [1] + A2, [2] = [2]+^2, 

then AI/A2 = I £ = 0, 1, 2}, and the additive group A2/A2 is naturally isomorphic to 
F3 := Z/3Z (see the comment after \CS\ Chapter 4, §6.1, (55)]). Define Q to be the direct 
sum Al^ of 12 copies of A2; following \CS\ Chapter 10, §1.5], we use Q := |oo, 0, 1, ... , lOj 
for the index set of the coordinate for Q, that is, Q = {{ai)ien \ ca ^ A2 for ? G fi}. Since 
Q* = {A^Y^, it follows that 

Q*/Q = {iW])ien = 0, 1, 2 for t G Q], 

which is isomorphic, as an additive group, to F3^. For [i] G A2/A2 and z G f2, define [if^ 
to be the element ([^i])ief7 ^ Q*/Q with ii = i and ij = for all j G fi, j 7^ i. If we 
regard Q*/Q as a 12-dimensional vector space over F3, then |[1] | i G fi} forms a basis of 
Q*/Q, which we identify with the standard orthonormal basis of Fg^. Denote by the 
symmetric group of Q; each element g G &{Q) acts linearly on the vector space Q/Q* by: 
g . = for i G n. Define z/ G 6(fi) by: i/ = (cx))(X9876543210), where X denotes 

10, that is, 

{10 if z = 0, 
z - 1 if 1 < z < 10, 
00 if z = 00. 
Set e := {0, 1, 3, 4, 5, 9} C n, and define 

-0:= E Wf-j:\^f= E Wf + 2j:\rf, 

ien\e jee ien\e jee 

Wi := ■ Wq for < z < 10, Woo '■= [1]'' 

Theorem 3.1.1 ( \CS\ Chapter 10, Theorems 2 and 3]). (1) Define Cu to be the subspace of 
Q*/Q spanned by {wj | i G fi}. Then, C12 is isomorphic to the ternary Golay code in ¥^ . 

(2) The subspace C12 is Q- dimensional with {woo? wi, w^, w^, wq] a basis. 

(3) The subspace C12 is stable under the action of v & &{VL). 

(4) Define 5 G 6(fi) by: S = (oo)(0)(l)(2X)(34)(59)(67)(8). Then, Cu is stable under 
the action of 6 E 

(5) Set (To := ° 5- Then, = (00) (4) (7) (012) (35X) (689). In particular, the order of 
(To is equal to 3. 
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We now set (see [CSl Chapter 18, §4, E]) 

(Q c) m{Al') := \J c (c g*). 

From now on, we arrange the coordinate of Q* = (^2)^^ follows: 

iPi)ien = { poo, /^4; /^T , I PO: PS: I /^l; P5y p8^ I /^2; A'-IO; P9) ■ 

e(A^)« e(A^)3 G(A^)3 e(A*)3 

We first define an automorphism ctq of Q* of order 3 by: 

(Moo47 I A^OSe I A^ISS I ^'■2X9) ^ (Mcxi47 I A''2X9 I Mo36 I A^lSs) 

for Hooij, Mo36' Mi58' M2X9 ^ (^2)^- Then we deduce from Theorem 13.1.11 (5) that (Tq stabi- 
lizes the Niemeier lattice Ni(y42^), and hence (Tq G Aut(Ni(y42^)). Next, let ip denote the 
automorphism of defined by: (xo,Xi,X2) {x2,Xo,Xi); note that (p{[i]) = [i] for every 
£ = 0,1,2. So, if we define an automorphism cxi of Q* (of order 3) by: 

{Poo, P4, Pi I M036 I /^158 I /^2X9) ^ (v^l/^oo), V5(/i4), </?(^7) I Mo36 I Ml58 I ^^2X9) 

for /ioo, Ai4, At7 € ^2 sind /J-ose? Miss? A^2X9 ^ (^2)'^) then cri stabilizes the Niemeier lattice 
K\{Af), and hence cxi G Aut(Ni(A^2)). Set 

cr := (To o (Ti. 

The fixed point subspace t)(o) of = Ni(yl2^) ® C under the a above is identical to 

{(0 I h I h I h) I h G ® C = (A2 ® C)=^}, 

where denotes the zero vector in ^2 (S) C = {A2 ® C)^. Thus, dimt)(o) = 2x3 = 6, and 
hence 

p = —(dim f)(i) + dim f)(2)) = Y^(24 - dim f)(o)) = 1. (3.1.1) 

Also, remark that 

f)(i) © f)(2) = ®z C = {(h I hi I h2 I -hi - hs) I h, hi, h2 eAl® C}. (3.1.2) 

3.2 Main result in §[31. First, let us recall the following basic fact: let V = ©„gz>o 
be a VGA with a G ^ F(a, 2) = J^nez^nZ"""^ G Endc(V)[[-z, the vertex operator. 
If dimVo = 1, then the weight one space Vi of V carries a Lie algebra structure with Lie 
bracket given by: [a, b] = aob for a, 6 G Vi. 

Now, keep the notation and setting in §3.11 By fl3.1.ip . we can apply Theorem 12.3.21 to 
L = Ni(742^) and the a above, and obtain a (C2-cofinite) holomorphic VOA V[ of central 
charge 24; note that dim(V^)o = dim(V^)o = 1. We are now ready to state our main result 
in this paper. 
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Theorem 3.2.1. Keep the notation and setting above. The Lie algebra {V[)i is isomorphic 
to the semisimple Lie algebra of type A^, and the levels of simple components of {V^)i are 
all equal to 3. Therefore, V[ corresponds to No. 6 on Schellekens' list J3. Table 1]. 

For the definition of the "level" of a simple component, see, e.g., |DMlt (3.2) and (3.3)]. 
We can easily compute it by using the formula |DMlt (3.6)]; in our case, the dimension of 
{yi)i is equal to 8 x 6 = 48, and the dual Coxeter numbers of simple components (i.e., A2S) 
are all equal to 3. Hence the levels of simple components are all equal to 3 x 24/ (48 — 24) = 3. 

3.3 Proof of Theorem I3.2.1L RecaU that 

iYDi = iyi)i © ^L(a)i © VL{a\. 

We should remark that this decomposition makes (V^)i a (Z/3Z)-graded Lie algebra; in 
particular, (V^)i is a Lie subalgebra of (V^)i, and each of VL{(y)i and Vl((J^)i is a (V^)i- 
module via the adjoint action. 

First, let us determine the Lie algebra structure of {V[)i. For /i G ® C, define h'^'^^ to 
be {hi)i^Q G f) = L CB) C with hi = h and hj = for all j E Q, j ^ i, and set 

}^[oi2) ._ j^io) ^ ^(1) ^ ^(2) _ 0, I /i, 0, I /i, 0, I /i, 0, 0), 
;^(35X) _ ^(3) ^ ^(5) ^ ^(10) _ 0, I 0, /i, I 0, /i, I 0, h, 0), 
/^(689) ._ f^(6) ^ ;^(8) ^ ;^(9) _ ^q^ 0, | 0, 0, /l | 0, 0, /l | 0, 0, h); 

note that h^^^"^^ = h^^^ + ah^^^ + a'^h^^\ and so on. Observe that the set A of roots in L is 
identical to {a*-*-' | a G A(y42), i G where A(yl2) is the set of roots for We see that A 
is stable under a G Aut(L), and the action of cr on A is fixed point free. Define g(°^^) to be 
the subspace spanned by [h^^'''^\-l) (g) e° | /i G As © C} and {l O e"*"^ +1® e"'" +1® e"'"' | 
a G A(yl2)}, and define and g^^^^) in exactly the same way as gC^^^) with 0, 1, 2 replaced 

by 3, 5, 10 and 6, 8, 9, respectively. Also, define 

a := Spaucjl ® e"'" + 1 ® e^^")^'' + 1 ® e^'^^^^'' | a G A(A2), 2 = oo, 4, 7}; 

note that dim a = 2x3 = 6 since |A(y42)/v?| = 2. 

Lemma 3.3.1. As a vector space, 

iyi), = 0(012) © 0(35^) © g(689) ^ (3_3_1) 

and hence dim(V^)i = 8 x 3 + 6 = 30. Furthermore, Q^^^'^\ q^^^-^\ and g^^^^) are ideals of 
the (whole) Lie algebra {V£)i isomorphic to the simple Lie algebra of type A2. In addition, 
a is an abelian Lie subalgebra, and the (adjoint) actions of an element of a on Vl{o')i and 
^l(c"^)i 0'1"g semisimple. 
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Proof. We can easily check (13.3. ip . Let us show the assertion for g*-*^^^^; we can show the 
assertions for q^^^^^ and q^^^^^ similarly. It follows immediately from the definition of the 
vertex operator for (see (12.1.11) and (12.1.21) ) that g^^^^^ is a Lie subalgebra isomorphic to 
the simple Lie algebra of type A2, and 

[g(012)^ g(35X)] ^ [g(012)^ ^(689)] ^ [^(012)^ ^] ^ 

Let us show that [a, b] = a^h = for all a G g(°^^) and b E VL{a)i. Assume that a = 
fiioi2)^_'^^ ® e° for some /i G ^2 ® C. Since Vl(o")i is the top weight space of Vl((j) by 
(I3.1.ip . it follows immediately from Lemma [2.2.21 (1). along with (12.3. ip . that aob = for all 
6 G Vl(o-)i- Assume that a = 10 e"'"^ + 1® e"*'" + 1 ® e°*" for some a e A{A2). Notice that 
q;(*\ 2 = 0, 1, 2, is not contained in by (I3.1.2p . Thus we see from Lemma [2.2.21 (2). along 
with (I2.3.ip . that agb = for all b G VL{a)i. Similarly, we can show that [a, b] = a^b = for 
all a G g(°^2) and b G VL{a'^)i. Thus we have proved that g(°^^) is an ideal of {V£)i. 

Now, it can be easily checked by the definition of the vertex operator for Vl (see (12.1.21) ) 
that a is an abelian Lie subalgebra. Let (and fix) a G A{A2), and i = oo, 4, 7. Note 
that (/5''(a)(^) G A^ by ([3X2]) . Hence we see from Lemma [MJ (3) that (1 ® e'^''(")''')o is 
semisimple on V{a)i for each r = 0, 1, 2. Since (</)''(«), (p^^^{a)) = —1 for every r = 0, 1, 2, 
it follows immediately from the definition (12.2. ip of the commutator map Cq for Lg- that 
((/;'■(«)», (/.'■+i(«)») = for every r = 0, 1, 2. Thus, (/t^, e^.(,)w) G L,, r = 0, 1, 2, 
commute with each other, and hence so are (l^e'^'^")'"^ G Endc(V((T)i), r = 0, 1, 2, because 
(1 ® e''''^'^°^^'')o is identical to a scalar multiple of the action of (k°, e(^r(Q,)(i)) on V{a)i (see the 
proof of Lemma[222](3)). Therefore we conclude that (l®e"^")o+(l®e'^(")^")o+(l®e^'(°)''')o 
is also semisimple on V{a)i. Similarly, we can show that (1 ® e"''')o + (1 ® e'''^"''''')o + (1 (8) 
g'^^W'^'^p is semisimple also on V{a^)i. This completes the proof of the lemma. □ 

Remark 3.3.2. It follows from |DM1[ Theorem 3] and Lemma [3. 3. II that the Lie algebra (V^)i 
is semisimple. 

Define A^ and R, M as in (KT^ and flO^j) for L = m{Al^) and this a. Since L is 
unimodular, it follows immediately from Proposition 12.4.11 that R = M. 

Proposition 3.3.3. R holds that \N/R\ = \N/M\ = 3^ 

A proof of this proposition will be given in the next subsection. As an immediate conse- 
quence, we obtain the following. 

Corollary 3.3.4. We have dimV{a)i = dimV{a'^)i = 9, and hence dim(y[)i = 30 + 9x2 = 
48. 

Proof. By ([M2D, along with p = 1 by flXTT]) . we have dimV^(a)i = (3^)^/^ ^ ^2 Further, it 
follows from Remark 12.3.11 that dimV{a'^)i = dimV{a)i, and hence dimV{a'^)i = 3^. Thus 
we have proved the corollary. □ 
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Here we set 

and denote by vr : {V£)i q the canonical projection. Then, g is a semisimple Lie algebra 
satisfying the following conditions: 

(i) dim g = 24; 

(ii) Q contains an abelian subalgebra 7r(a) of dimension 6; 

(iii) g is a (Z/3Z)-graded Lie algebra: g = go © 0i © 02 with go = 7r(a), gi = 7r(V(cr)i), 
and g2 = 7r{V{(r'^)i)] 

(iv) The adjoint actions of go = 7r(a) on gi and Q2 are semisimple. 

Proposition 3.3.5. The Lie algebra g above is isomorphic to the semisimple Lie algebra of 
type Al. 

Proof. We see that go is a toral subalgebra in the sense of [HI §8.1]. So, by [HI §15.3, 
Corollary], there exists a Cartan subalgebra of g containing go. Thus the rank of g is 
greater than or equal to 6 = dim go. Combining this fact and (i), we deduce that g is 
isomorphic to the semisimple Lie algebra of type 

Al, Al, or B2®A2®Al (3.3.2) 

By (iv), gi and g2 admit the weight space decompositions with respect to go: 

01 = 00?, 02 = 00^, 

where g" = {x G Qj \ [h, x] = a{h)x for h G go} for j = 1, 2 and a G Qq. 

Claim 1. The Lie algebra g is not isomorphic to the semisimple Lie algebra of type Af. 

Suppose that the assertion is false. Let Sj be the Cartan subalgebra of g = containing 
go. Because is abelian, it follows that C go © g? © g2- Since go ^ i?, there exists x G i^, 
X 7^ 0, such that x G g? © g^; write it as x = xi + X2 with Xj G g° for j = 1, 2. We can take 
y G g \ {0}, such that for some G and 7 G Qq, 

[x, y] = ky, 

[h, y] = 'j{h)y for all h G go- 

Write y as: y = h' + yi + y2 with h' G go and yj G Qj for j = 1, 2. 

Assume first that 7 7^ 0. If we take h E Qq such that 7(/i) 7^ 0, then 

l{h)y = [h, y] = [h, yi] + [h, ^2]- 
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Since 7(/i) 7^ 0, it follows immediately that h' = 0. Also we see that yj G for j = 1, 2. 
Note that [xi, 1/2] G Qq by (iii). Hence we have 

0= [h, [xi, 7/2]] = (0 + 7)(/i)[xi, ^2], 

which implies that [xi, 1/2] = 0. Similarly, [x2, yi] = 0. Combining these, we obtain 

ky = [x, y] = [x2, 1/2] + [xi, yi], 

and hence kyi = [x2, 2/2] , ky2 = [xi, yi] by (iii). Substituting the first equality into the second 
equality, we obtain 

ky2 = [x2, 2/2]] = ^[jfi^^' ^2] + ^[x2, \xuml\ = ^^([^1' ^2])2/2- 

G0O =0 

Similarly, substituting the second equality into the first equality, we obtain 

kyi = ^[x2, [xi, yi]] = ^[|x2^^, yi] + ^[xi, \x2^ml\ = ^^([^2, xi])yi. 

ego =0 

If 1/1 7^ and y2 7^ 0, then 7([xi, X2]) = k"^ = 7([a;2, Xi]) = — 7([xi, X2]), which is a contra- 
diction. Thus, ?/i = or ?/2 = 0. If i/i = (resp., y2 = 0), then ky2 = [xi, yi] = (resp., 
kyi = [x2, ^2] = 0), and hence y = 0, which contradicts the assumption that y ^ 0. 

Assume next that 7 = 0; as above, we see that yj G for j = 1, 2. Since Xj G for 
j = 1, 2, it follows that 

ky = [x, y] = [xi, 2/2] + [x2, yi] + [x2, 2/2] + [xi, 2/1], (3.3.3) 

and hence kyi = [x2, ^2], ky2 = [xi, yi] by (iii). Substituting the first equality into the second 
equality, we obtain 

111 
ky2 = -j^lxi, [x2, y2]] = 2/2] + ^[^2, \xu^ = 0, 

ego ego 

since 1/2, X2 G 02- Thus, y2 = 0. Similarly, it can be easily seen that yi = 0. Hence, 
y = h' E Qo- However, by fl3.3.3p and the assumption that x G i^i, we get ky = [x, y] = 0, 
which contradicts the assumption that k ^ and y ^ 0. This proves Claim 1. 

Claim 2. The Lie algebra g is not isomorphic to the semisimple Lie algebra of type B2 © 
A2(BAf. 

Suppose that the assertion is false. Then the rank of g is equal to 6, which implies that 
go is a Cartan subalgebra of g, and g° is a root space of g for each a G gg and j = 1, 2 
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(note that they are all one-dimensional). Let L be the ideal of g isomorphic to S2, and let 
ai, a2 be the simple roots for L = B2 such that 6 := 2ai + 02 is the highest root oi L = B2. 
The root space Lq is contained in gi or Q2 since it is one-dimensional. Here we assume that 
Lq <Z Qi] the proof for the case that Lq C Q2 is similar. If the root space L_a^ is contained in 
g2, then we have 

[Lq, L^ax] C go 

by (iii), which is a contradiction. If L_q,^ C gi, then we have 

{0} 7^ = \[Le, L_qJ, L_a^] c go 

by (iii), which is also a contradiction. Thus we have proved Claim 2. 

By Claims 1 and 2, along with fl3.3.2p . we conclude that g is isomorphic to the semisimple 
Lie algebra of type A\. Thus we have proved the proposition. □ 

To complete a proof of Theorem 13.2.11 it remains to prove Proposition 13.3.31 

3.4 Proof of Proposition [373.3l By Theorem l3.Ll] (2). {woo, W3, w^, w^, Wg} forms 
an Fa-basis of C12 = L/Q. If we set Wqo := w^o, and 

Vi := -{wi + Woo) = ^ [l]^^"* for z = 1, 3, 4, 5, 9, 
j€n\iyie 

then {voo, vi, V3, v^, V5, fg} is also an Fa-basis of Cu- Define Uj E C12 for 1 < j < 5 by: 

Ml = 1^1 + f3 - ^4, U2 = Vi+V3 + Vi + V5- Vg, U3 = -Vi + f 3 - + ^5, 

Ua = Voo-Vi-V4 + V5, U5 = -Vi+V3+V4 + V5+Vg, Uq := Vi 

We can easily show the following lemma. 

Lemma 3.4.1. The set U2, M3, M4, M5, Me} is an F^-basis of C12. 
For Q G Zi, z G fi, we set 

[Coo) C4, C7 I Co, C3, Cg I Ci, C5, Cg I C2, Cio, Cg 

Define G for 1 < j < 6 by: 

ti = [101|000|110|110], t2 = [011|00i|100|i01], ^3 = [000|011|011|022], 

ti = [000|111|111|222], ts = [000|000|111|111], := [101|001|110|001] 

where we set n := —n G Z for n G Z. The following lemma can be shown by direct 
computation. 
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Lemma 3.4.2. For each 1 < j < 6, the coset uj E L/Q contains the element tj G Q* . 
Therefore, tj is contained in L for every 1 < j < 6, and the lattice L is generated by Q = A^^ 
and tj for 1 < j < 6. 

Set Qo := N n Af] notice that by f l3X2|) . 

Qo = {("i I 0=2 I "3 I -OL2 - 0:3) e A}^ I CKi, 0L2, as G Al}. (3.4.1) 

Lemma 3.4.3. The lattice N is generated by Qo and tj for 1 < j < 5. 

Proof. Set A^' := {Qo, tj\l<j<5). It can be easily seen that tj + atj + a^tj = for every 
1 < j < 5. Hence, TV' C A^. 

Let us show the reverse inclusion. We see from Lemma [3.4.21 that each element A G L can 
be written as: 

6 

A = ajtj + /3 with some aj G Z and (3 G Al^. 
i=i 

Assume that A of the form above is contained in A^. Since tj G A^' for every 1 < j < 5 as seen 
above, A is congruent to a^tQ + (3 modulo A^' C A^. In particular, a^t^ + 13 E N, and hence 

aej iQ + atQ + aHe) + ( /j + a/3 + a^f3) = 0. 

= [000|112|112|112] 

Thus we get a6[000|112|112|112] G A^^, which implies that ag G 3Z. Consequently, agte ^ A^^, 
and hence agte + f3 E N n A}^ = Qo d N' . Therefore we obtain A G A^', as desired. This 
completes the proof of the lemma. □ 

Note that 3tj G Qo for 1 < j < 5. By Lemma [3.4.31 each element of N/Qo can be written 

as: 

5 

&j(i^j + Qo) with some hj G F3, 1 < j < 5. 

j=i 

In addition, we deduce from Lemmas 13.4.11 and 13.4.21 that [tj + Qo I 1 ^ J ^ 5} is linearly 
independent over F3. Thus, 

\N/Qo\ = 3^ (3.4.2) 
Lemma 3.4.4. (1) The lattice M is generated by 

,/3gAB, (3.4.3) 



(1 


- -)Al' 


= {{H \ a \ f3 \ -a - (3) e Al^ \ 


MG((1 




(1 


- (y)ti = 


[000|li0|li0|220] + (1,0, -i)(^) 


-(1,0,- 




(1 


- <y)t2 = 


[000|102|101|201] + (1,0,-1)(2) 


-(1,0,- 




(1 


- <y)h = 


[000|111|111|222], 






(1 


- o-)te = 


[000|000|111|111] + (1,0, -i)(^) 


+ (1,0,- 





(2) We have \Qol{l - cr)Af\ = 3^ and |M/(1 - a)Al^\ 
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Proof. (1) By Lemma 13.4.21 M is generated by (1 — o-)Al^ and (1 — a)tj for 1 < j < 6. 
We can easily check that (1 — (7)^3, (1 — cr)t4 G (1 — a)Al^. Therefore, M is generated by 
(1 - (r)Al^ and (1 - (T)tj for j = 1, 2, 5, 6. 

(2) By fIXiTT]) and (IHX^ . |go/(l - c^)^2^| = 1^/(1 - V^)^^- We see that 

{(1 - ip){0, 1, -1) = (1, 1, -2), (1 - ip){l, 0, -1) = (2, -1, -1)} 

is a basis of (1 — o-)A2. Thus, {(3,0,-3), (2,-1,-1)} is also a basis of (1 — ip)A2. Since 
{(1, 0, —1), (2, —1, —1)} is a basis of A2, we get \A2/ (1 — ^p)A2\ = 3, and hence \Qo/ (1 — 
a)Al'\ = 33. 

Next, it is obvious that 3(1 — cr)^^ G (1 — o')Al^ for every j = 1, 2, 5, 6. Thus each 
element of M/ (1 — o')Al^ can be written as an Fs-linear combination of (1 — a)tj + (1 — a)A\^, 
j = 1, 2, 5, 6. Assume that 

ci(l - a)ti + C2(l - a)t2 + C5(l - (J)t5 + C6(l - a)t6 G (1 - a)Al^ 

for some Ci, C2, C5, Ce G F3. Then we have 

f(ci + C6)(l, 0, -1) e (1 - ip)A2, 

C2(l, 0, -1) e {1 - ip)A2, 

_ (-Ci - C2 + C6)(l, 0, -1) G (1 - ^)A2. 

Because {(3, 0, —3), (2, —1, —1)} is a basis of {l — (p)A2, it follows that C2 = G F3. Similarly, 
we get Ci + Cg = G F3 and — Ci + Cg = G F3, which implies that Ci = Cg = G F3. 
Thus, (1 — a)tj + (1 — (j)Al^, j = 1, 2, 5, 6, are linearly independent over F3. Therefore, 
|M/(1 — o')y42^| = 3"^. This completes the proof of the lemma. □ 

Now, let us show Proposition EXSl that is, \N/R\ = \N/M\ = 3^ Since \N/M\ ■ |M/(1 - 
a)Al^\ = \N/Qo\ ■ \Qo/{l - a)Al^\, it follows from flHX^ and Lemma Ea3](2) that 



\N/Qo\-\Qo/il-cr)A 
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}4 



Thus we have proved the proposition. 

4 Automorphism by which the fixed point lattices are of rank 6. 

4.1 Main result in §31 Let L be a Niemeier lattice, and let r be an arbitrary lattice 
automorphism of L of order 3. In this section, we show the following theorem; we should 
remark (cf. fl3.1.ip ) that in the theorem below, 

rankL^ = 6 <;=^ p = -^(dim + dim f)(2)) = 1, 

io 

where L'^ denotes the fixed point sublattice of L under r. 
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Theorem 4.1.1. Let L be a Niemeier lattice, and let r he an arbitrary lattice automorphism 
of L of order 3 such that rankL"^ = 6. The holomorphic VOA ¥[ obtained by applying 
Theorem \2.3.^ to L and r is isomorphic to the lattice VOA associated to a Niemeier lattice, 
the one obtained in Theorem \3.2.1\ which corresponds to No. 6 on Schellekens' list JE^ Table 1], 
or the one obtained in \Mi\ ^5.2], which corresponds to No. 32 on Schellekens' list. 

We prove this theorem as follows: Let Q be the root lattice for L, and W = W{Q) the 
Weyl group for Q; recall that is a normal subgroup of Aut(L). In §4.2^ we show that if r 
is contained in W, then is isomorphic to the lattice VOA associated to a Niemeier lattice. 
In §4.31 we prove that if L = A, the Leech lattice, then is isomorphic to the Leech lattice 
VOA Va itself. In §4.4[ we consider the case that L is not isomorphic to A, and r is not 
contained in W. In Proposition 14.4.21 we first prove that the root lattice Q is isomorphic to 
either A^^ or Eq. Finally, in Proposition 14.4.41 we prove that ii Q = Af (resp., Q = E^), 
then the automorphism r is conjugate, in Aut(L), to the one given in §3.11 (resp., in |Mit 
§5.2]), and hence VI is isomorphic to the one obtained in Theorem 13.2.11 (resp., |Mil §5.2]). 

4.2 Automorphisms that are inner on the weight one spaces. We first assume 
more generally that L is a positive-definite, even lattice. Let Vl be the lattice VOA associated 
to L, with a G (-)■ F(a, z) = Ylin&'^nZ~^~^ G (Endc Vl)[[2;, z~^]] the vertex operator. For 
each a G (Vl)i, expao is a VOA automorphism of Vl (see |DN| §2.3]). Set 

G := (expao | a G (Vl)i) C Aut(yL)- 

Note that the restriction of an element in G to (Vl)i is an inner automorphism of the Lie 
algebra (Vl)i. 

Lemma 4.2.1. Keep the notation and setting above. Let t & G be of finite order. Then the 
fixed point sub VOA VI ofVi under r is isomorphic to a lattice VOA. 

Proof. First, we note that (Vl)i is reductive. By [Kl Proposition 8.1], there exists a Cartan 
subalgebra f)' of (Vl)i such that r = expho for some h G f)'. Since Cartan subalgebras of 
{Vl)i are conjugate under G, there exists g ^ G such that g{l)') is identical to the canonical 
Cartan subalgebra {/i(— 1)1 ® e° | /i G f)} of {Vl)i. Set r' = grg"^ = expg(h)o. Then, 
r' acts on M(l) (8> as the scalar multiple by ex'p{g{h), (3) for each (5 E L. Denote by 
|r| the order of r, which is finite by assumption, and set v := \r\g{h)/2'jr\^—l. Then, 
exp{g{h), (3) = exp(27r-\/^(t>, /3)/|r|) for (3 E L. Thus we see that {v, (3) E Z for every 
13 E L, and that r' acts trivially on M(l) ® if and only if {v, (3) E |r|Z. So, let us set 
K := {^(3 E L \ {v, (3) E |r|Z} C L. Since (t>, L) C Z as seen above, we have \t\L C -fC, and 
hence K = L = [). Therefore we conclude that Vl' = Vk- Since r' is conjugate to 
r by definition, it follows immediately that VI = V[' . Combining these, we obtain V^ = Vk, 
thereby completing the proof of the lemma. □ 



23 



Lemma 4.2.2. Let K he a positive- definite, even lattice. If U is a simple current extension 
of the lattice VOA Vk, then U is isomorphic to the lattice VOA associated to a sublattice of 
K*. 

Proof. By [D], an irreducible Vft-module is isomorphic to Vx-^k for some X + K E K*/K. 
Hence there exists a subset S C K*/K such that U = ^x+Kes ^a+e"- Since Vx+k V^+ii- = 
Vx+^+K (see jPLH Corollary 12.10]), it follows immediately that the subset S* is a subgroup 
of K*/K. Hence there exists a sublattice T C K* such that S = T/K. By the uniqueness of 
simple current extensions (see |DM2| Proposition 5.3]), we have U = Vr a.s VOAs. Thus we 
have proved the lemma. □ 

Combining these lemmas, we obtain the following proposition. 

Proposition 4.2.3. Let L be a positive- definite, even lattice, and letr^G be of finite order. 
A simple current extension of the fixed point sub VOA is isomorphic to a lattice VOA. 

Keep the setting in Theorem 14.1.1^ and assume that r G W. We deduce from [Kl Lemma 
3.8] and |DNl Lemma 2.5] that the VOA automorphism of Vl induced from r is contained 
in G = (expoo | a G (Vj^)i). Thus it follows from Remark 12.3.31 and Proposition 14.2.31 that 
the VOA VI is isomorphic to a lattice VOA. Because the central charge of V^ is equal to 
24, the rank of the lattice is equal to 24. Also, because VI is holomorphic, the lattice is 
unimodular. Hence the lattice is a Niemeier lattice. Thus we have proved that if r G W, 
then V[ is isomorphic to the lattice VOA associated to a Niemeier lattice. 

4.3 Case of the Leech lattice. Let A denote the Leech lattice. Note that A is a unique 
Niemeier lattice of rank 24 without roots (or equivalently, Q = {O}). 

Proposition 4.3.1. Let t be a lattice automorphism of A of order 3 such that rankA^ = 6. 
Then the VOA is isomorphic to V\. 

Proof. We see that (V^)i = {/i(— 1)1 ® e° | /i G i){o)}, and hence is a 6-dimensional abelian 
Lie subalgebra. By Lemma 12.2.21 (1). (VX)i is an ideal of (VX)i, which implies that (y^)i is 
not semisimple. Therefore, by |DMH Theorem 3], we conclude that Vj[ = Va, as desired. □ 

4.4 Automorphisms not contained in the Weyl group. Keep the setting in Theo- 
rem HXT] By the arguments in §4.2l and §4.3^ we may assume that L is not isomorphic to the 
Leech lattice A (and hence Q ^ {O}), and r ^ W . We start with the following preliminary 
lemma. 

Lemma 4.4.1. (1) If ip is a lattice automorphism of the root lattice An, n > 2, of order 3, 
then TankA^ = n — 2c for some 1 < c < {n + l)/3. 

(2) Ifip is a lattice automorphism of the root lattice D^, n > 4, of order 3, then rankD^ = 
n — 2c for some 1 < c < n/3. 
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Proof. (1) Recall that Aut(74„,) = 2 x <3„+i, where &n+i is the symmetric group of degree 
77, + 1. Then, is a. product of mutually commutative 3-cycles, and the number c of 3-cycles 
in ip satisfies 1 < c < (n + l)/3. It is easy to see that the rank of is equal to n — 2c. 

(2) Recall that Aut(L)„) ^ 2" : 6„ if n > 4, and Aut(L>4) = 2^ : 64 : 63. If 7/; G 2" : 6„, 
then ip is a. product of mutually commutative conjugations of 3-cycles by 2" (i.e., mutually 
commutative "signed" 3-cycles). As in the case of An, we see that the number c of them 
in ip satisfies 1 < c < n/3, and the rank of is equal to n — 2c. Also, it can be easily 
checked that the rank of is equal to 2 when n = 4 and ip contains a Dynkin diagram 
automorphism of order 3. Thus we have proved the lemma. □ 

Let Q = Qi © ■ ■ ■ © be the (orthogonal) decomposition of Q into indecomposable root 
lattices, and let W{Qm) be the Weyl group for Q^, I < m < n; note that W = W{Q) = 
WiQ,)x---xW{Qn). 



Proposition 4.4.2. Keep the setting in Theorem \4.1.1\ Assume that L ^ A and r ^ W . 
(1) For some 1 < m < n, rQm. ^ Qm- 



(2) The root lattice Q is isomorphic to either Eq or A^ . 

Proof. (1) Suppose that r{Qm) C Qm for all 1 < m. < n. Let us denote by Tm the restriction 
of r to Qm- Then, Tm is an automorphism of Qm- It follows from, e.g., [Kl Corollary 5.10 (b)] 
that Tm = dmWm with some Dynkin diagram automorphism dm for Qm and Wm G W{Qm)- 
Since t ^ W hy assumption, dm 4- ^{Qm) for some \ < m < n. Then, dm is of order 3 
(since so is r), and hence Qm = D4- Thus it follows from \CS\ Chapter 16, Table 16.1] that 
Q = AjD^ or Q = Dl If Q = AjD^, then |Gi| =2 with notation in [CSl Chapter 16, 
Table 16.1], which implies that there is no element in Aut(L) of order 3 that is not contained 
in W, and preserves every indecomposable component in Q (such as r). So, we get Q = Df. 
However, we deduce by Lemma 14.4.11 that lankQ^ = 2 for each 1 < m < 6, and hence 
rankL"^ > rankQ^ = 2 x 6 = 12 > 6, which contradicts our assumption. Thus we have 
proved part (1). 

(2) By part (1), r acts nontrivially on the set {Qm. I 1 < m < n} of indecomposable 
components in Q. We may assume that rQsz+i C Q31+2 and TQ31+2 C Q31+3 for each 
< / < A; — 1 and rQm. C Qm for every 3k + 1 < m < n, where I < k < n/3; we should 
remark that Q31+1 = Q31+2 — Q31+3 for each < / < /c — 1. For each < / < — 1, we set 

Qi ■= {a + ra + r^a I a G Q31+1] = {Q31+1 © Q31+2 © Qsi+sV C Q"; 
notice that rankQ; = rankQ3/+i. Then, we have 

k—l n fe— 1 n 

rank U > rank Q^ = rank Qi + rank = rank Qaz+i + rank Q,^ 

1=0 m=3fc+l /=0 m=3k+l 

(4.4.1) 
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Now, suppose that Q is isomorphic to neither nor A^. Because k > 1 and Qs^+i = 
Q'iij^2 — Q31+3 for each < / < A; — 1, it folfows from \CS\ Chapter 16, Table 16.1] that Q is 
isomorphic to one of 

424 a8 46 AAf) i~)6 44 r)4 43 r)3 p3 

^1 ' ^3' ^4' ^5-'^4; J^4^ ^6' -'^6' ^8' ^8' 

Suppose that Q = A^, Z)|, or E^; note that n = 3 and = 1 in these cases. Then we see 
from (14.4. ip that rankL^ > rankQ^ = 8, which contradicts the assumption that rankL^ = 6. 

If Q = , then n = 24 and 1 < A; < 8. Since AutAi = Z/2Z, and hence does not 
contain an element of order 3, it follows that = Ai for all 3/c + 1 < m < n. Thus, by 
(14.4. ip . rankL"^ > k ■ rankAi + (24 — 3k) ■ rankAi = 24 — 2k > 8, which is a contradiction. 

If Q = Al, thenn = 8 and 1 < A; < 2. Bv Lemma liXTl fl). rankQj;, > 3-2-(3 + l)/3, and 
hence rankQj^ > 1. Thus, rankL"^ > k ■ rank As + (8 — 3A;) -1 = 8, which is a contradiction. 
In exactly the same way as this, we can obtain the contradiction that rank L'^ > 6 also in the 
cases of Q = A^, A\D4^, Df, Aq, and Dq. Thus we have proved the proposition. □ 

In the rest of this subsection, we assume that the root lattice Q of the Niemeier lattice L 
is isomorphic to either A^^ or Eq. Define 

[Ee iiQ = El 

note that Q = P®P®P®P. When Q = Af (resp., Q ^ El), let a G Aut(L) be the 
one given in §3.11 (resp.. in |Mi| §5.2]; see also §A.ll in Appendix below). Recall that a maps 
(^1, /Z2, /Lt3, ^^4) G Q* = P* ®P* ®P* ®P* to (x/^i, /X4, [i<2^, 7^3) G Q*, where a; is an element 
of W(P) that acts fixed-point-freely on P. 

Lemma 4.4.3. Kee'p the notation and setting above. Let w = (1, W2, w^, W4) G W{Q), with 
Wm G W{P), 2 < m < 4, and assume that the order of wa is equal to 3. Then, wa is 
conjugate to a in Aut(L). 

Proof. Since 1 = (wa)^ = (1, W2W4W3, W3W2W4, W4W3W2), we have W4 = ^^"^^3"^. Then we 
see by simple computation that wag = ga with g := (1, W2, W3W2, 1) G W{Q). Thus we 
have proved the lemma. □ 

It holds that Aut(L) = W{Q) : H with H := Aut(L/Q); note that 

r2.Mi2 ifQ = A^2, 
H = I 

[2.64 iiQ = El 

where M12 denotes the Mathieu group of degree 12, and the center Z{H) of H is generated 
by —1 G Aut(L). Define aw, (^h G Aut(Q*) by: 

(^H ■■ /^3) /^4) ^ M4> ^2, /^s)) 
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aw ■■ Ms. M4) ^ (^^Mi, Ms. M4) 

for z^]^, Ms' M4 ^ -P*- We deduce that aw G W^, G -ff, and cr = awO'H- 

Proposition AAA. Assume that Q is isomorphic to either A}^ or E^, and let a he as above. 
If r ^ Aut(L) is a lattice automorphism of L of order 3 that is not contained in W , and 
satisfies the condition that rankL'^ = 6, then r is conjugate to a in Aut(L). 

Proof. Let tw G W{Q) and ^ H he such that r = twTh', note that th 1 since r ^ W. 
Since W{Q) is a normal subgroup of Aut(L), we see that the order of th is equal to 3. 
Remark that Th is a unique element of order 3 in the coset ThZ{H) G H/Z{H). 

(i) If Q = Al^, then H/Z{H) ^ M12. We deduce from the character table of M12 (see 
|ATL ASj ) that H has exactly two conjugacy classes of elements of order 3; the one acts 
fixed-point-freely on the set {Qm — A2\l <m < 12} of indecomposable components in Q, 
and the other fixes exactly three indecomposable components; we should remark that a^ is 
contained in the latter class. Suppose that th is contained in the former class. Then, r also 
acts fixed-point-freely on {Qm — A2\l <m < 12} since TwQm C Qm for every 1 < m < 12. 
Thus it follows from fl4.4.ip that rankL"^ > 4-rank/l2 = 8, which contradicts the assumption 
that rankL"^ = 6. Hence, th is conjugate to an in H. 

(ii) \i Q = Eq, then H/Z{H) = 64. By the uniqueness of a conjugacy class of 64 
containing an element of order 3, we see that th is conjugate to an in H. 

We see by (i) and (ii) that r = twTh is conjugate to wan for some w G W{Q). So we 
may assume from the beginning that th = an- Write Tw as: tw = {wi, W2, w^, W4) with 
Wm G W{P), 1 < m < 4. Because rankL^ = 6, it follows from (14.4.11) that Wi G W{P) acts 
fixed-point-freely on P. Thus, wi is conjugate to x in W{P) (for P = Eq, see the character 
table of W{Eg) = Ua{2).2 in [ATLAS] ): let g G W{P) be such that wi = gxg-\ Then, 

r = {wi, W2, W3, Wi)aH = (1, W2, W3, Wi){g, 1, 1, l)(x, 1, 1, l)(fi'"\ 1, 1, l)aH 
= {9, 1, 1, 1)(1, ^2, W3, Wi) (x, 1, 1, l)aHig~^, 1> 1, 1), 

^ V ' 

=a 

and hence r is conjugate to wa with w = (1, W2, W3, W4). Because wa is conjugate to a 
by Lemma 14. 4. 3^ we conclude that r is conjugate to a. This completes the proof of the 
proposition. □ 

A Appendix. 

A.l Holomorphic VOA corresponding to No. 32 on Schellekens' list. In |Mit 

§5.2], Miyamoto proved that the VOA obtained by applying Theorem 12.3.21 to the Niemeier 
lattice with Eg the root lattice and a specified automorphism of order 3 corresponds to 
No. 32 on Schellekens' list [S]. In the proof, he first showed, by using some fusion rules and 
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modular transformations for trace functions, that the dimension of the weight one space of 
the VOA is equal to 120. In this subsection, we give another proof for this fact by using the 
Dong-Lepowsky construction of twisted modules (see §2.2p . 

We first recall the definitions of L = Ni(i?g) and the automorphism a G Aut(L) given in 
|Mil §5.2]. Let {ttj | 1 < i < 6} be the simple roots for E^] 

Q "6 



o o o o o 

tti ^2 c^s on c^s 

We set 

[0] := 0, [1] := i (ai - ^2 + Q!4 - as) , [2] := ^ (-ai + 0^2 - ^4 + ^5) , 

and 

l0]:=[0]+E6, [1]:= [11 + ^6, [2]:= [2]+ Eg. 

Then, E*/E6 = {|^ K = 0, 1, 2}, and the additive group Eq/Eq is naturally isomorphic to 
F3 := Z/3Z. Define Q to be the direct sum E^ of four copies of Eq. Since Q* = (-Eg)^, it 
follows that 

Q*/Q = KM M M W])\^^ = 0, 1, 2 for each 1 < z < 4}, 

For G E;/Ee and i G define to be the element Jh], N) e QVQ with 
ii = i and £j = for all 1 < j < 4, j 7^ i. If we regard Q*/Q as a 4-dimensional vector space 
over F3, then | * G fi} forms a basis of Q*/Q, which we identify with the standard 

orthonormal basis of F3. Set 

vi := [1] + [1] + [1] , V2 := [1] + [1] - [1] , 

and define C4 to be the subspace oi Q* /Q spanned by vi and V2- Then, C4 is isomorphic to 
the tetracode, a unique self-dual code in F3 (see [CSl Chapter 3, §2.5.1]). Note that 

\lf + \lf^ - \Yf = v2-v^e C4. (A.1.1) 

We now set (see [CSl Chapter 18, §4, XIV]) 

(g c) m{Et) ■.= l\c (c g*). 

CGC4 

Now, we first define an automorphism <jq of Q* of order 3 by 



(/il,/^2,/i3,/^4) (/il,/i4,/i2,/^3) 
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for /ii, /i2, /is, /i4 G -Eg. Then we deduce from (lA.l.ip that ctq stabihzes the Niemeier lattice 
m{El), and hence ctq G Aut(Ni(E^)). 

Next, let (f denote the automorphism of Eg defined by: (p = rir2r/^r^rQrQ, where rj € 
W{Eq) is the reflection with respect to the simple root for 1 < i < 6, and vq G W{Eq) is 
the reflection with respect to the highest root of Eq; note that (p acts fixed-point-freely on 
Eq ® C, but = [(] for every i = 0, 1, 2. So, if we define an automorphism cxi of Q* (of 

order 3) by: 

for yUi,/i2, /is, /i4 G -Eg, thcu (Ti Stabilizes the Niemeier lattice Ni(£'g), and hence cxi G 
Aut(Ni(i?g)). The automorphism a given in [Mi[ §5.2] is identical to ctq ° (^i- 

The fixed point subspace f)(o) of f) = Ni(£'g) (g) C under the a above is identical to 
{(0, h, h, h) \ h E Eq ^ C}, and hence dim[)(o) = 6. Also, remark that 

f)(i) © f)(2) = {{h, hi, /i2, -h - h2) I /i, hi, /j2 G Eg ® C}. (A.1.2) 

Now, since dim f)(o) = 6, the p defined by (12.2.61) is equal to 1 G (1/3)Z. Therefore we can 
apply Theorem 12.3.21 to L = Ni(i?|) and this a, and obtain a holomorphic VOA V[. We will 
show that 

dim(V7)i = 120. (A.1.3) 

By definition, {V£)i = {V£)i®V{a)i®V{a'^)i. It can be easily checked that dim(V7)i = 112. 
Also, dimV((j)i = dimV{a^)i by Remark 12.3.11 Thus it suffices to show that 

dimy((T)i = 9 (A.1.4) 

Define sublattices N , R, M oi L = Ni(E|) as fl2X2|l and ([2231); recall that M = Rhy 
Proposition 12.4.11 Because p = 1, it follows immediately from (I2.2.7P that diml^((j)i = 
\N/ R]^/"^ = \N/M\^^'^. Hence equality (]A.1.4p follows immediately from the next proposition. 

Proposition A. 1.1. We have \N/R\ = \N/M\ = 3^ 

In order to prove this proposition, we need some lemmas. For Cj G Z, 1 < i < 4, we set 

[Ci, C2, Cs, C4] := (Ci[l], C2[l], Cs[l], C4[l]) G Q*. 

Define ti, t2 G Q* by: ti = [0, 1, 1, —2] and ^2 = [1, 1, —1,0]. The following lemma can be 
shown by direct computation. 

Lemma A.1.2. For each 1 < J < 2, the coset Vj G L/Q contains the element tj G Q* . 
Therefore, ti and ^2 o'^e contained in L, and the lattice L is generated by Q = E^ and ti, ^2- 

Set Qo := N n El; notice that by (jAX2j), 

Qo = {(tti, "2, as, -"2 - as) G Eq \ ai, ^2, as G Eq]. (A. 1.5) 
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Lemma A. 1.3. The lattice N is generated by Qo and ti, ^2- 

Proof. Set A^' := {Qq, tj \ 1 < j < 2) . It can be easily seen that tj + atj + a^tj = for every 
1 < j < 2. Hence, A^' C A^. 

Let us show the reverse inclusion. We see that each element A G L can be written as: 



A = ajtj + (3 with some aj E Z and P E E'^ 



Assume that A of the form above is contained in A^. Since tj E N' for every 1 < j < 2 as 
seen above, A is congruent to (3 modulo A^' C A^. Hence, /3 E N f) E^ = Qq C N'. Therefore 
we obtain A G A^', as desired. This completes the proof of the lemma. □ 

Note that 3tj E Qo for 1 < j < 2. By Lemma fA.l.St each element of N/Qq can be written 

as: 

2 

bj{tj + Qo) with some bj G F3, 1 < j < 2. 

In addition, we deduce that {tj + Qo \ 1 < j < 2^ is linearly independent over F3. Thus, 

\N/Qo\ = 32. (A.L6) 
Lemma A. 1.4. (1) The lattice M is generated by (1 — a)t2 and 

(1 - a)E^ = {(/i, a, /3, -a - E E^ \ fi E (1 - ip)Ee, a, (3 E E^]. (A.L7) 
(2) We have \Qo/{l - (y)El\ = 3^ and |M/(1 - a)El\ = 3. 

Proof. (1) By Lemma lA. 1.21 M is generated by (1 — (t)Eq and (1 — a)tj for 1 < j < 2. We 
can easily check that (1 — a)ti G (1 — cr)-Eg. Therefore, M is generated by (1 — cr)£'g and 

(2) By flAX5|l and flAXTj) . \Qo/{l - (t)E^\ = \Eq/{1 - <^)Eq\. The same argument as 
Claim E] in the proof of Proposition 12.4.11 (with N and a replaced by Eq and ip, respectively) 
shows that 1^6/(1 - ^)Eq\ = 3(ranki?6)/2 ^ 33^ r^^^^g Yiave proved \Qo/{l - (r)El\ = 3^. 

Next, it is obvious that 3(1 — a)t2 G (1 — cr)_E'g and (1 — a)t2 ^ (1 — o-)Eq. Hence 
|M/(1 — cr)i?|| = 3. This completes the proof of the lemma. □ 

Proof of Proposition\AJJ\ Since \N/M\ ■\M/{l-a)El\ = \N/Qo\ ■ |go/(l -^)^6 follows 
from (IA.1.61) and Lemma |AT1(2) that 

I"'"'! \M/{l-a)Ei\ 
Thus we have proved Proposition lA.l.ll □ 
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As in Section [331 we see that (V^)i = g^^^^-* ©s, where is isomorphic to the simple 
Lie algebra of type Eq, and s is isomorphic to the semisimple Lie algebra of type 

Proposition A. 1.5. Keep the notation and setting above. The Lie algebra (V^)i is isomor- 
phic to the semisimple Lie algebra of type EqG\. 

Proof. By Lemma S^^^^^ is an ideal of {Vl)i. By the same argument as in Corollary 
IXXil along with Proposition lAll] we have dim(V^)i = 78 + 8x3 + 9x2 = 120. Here we 
set 

and denote by tt : {y[)i — )■ g the canonical projection. Then g is a semisimple Lie algebra 
satisfying the following conditions: 

(i) dimg = 42; 

(ii) g contains a semisimple Lie subalgebra 7r(s) of type A^; 

(iii) the ratio h/k of every simple component in g is equal to (120 — 24)/24 = 4, where h is 
the dual Coxeter number and k is the level of its affine representation. 

Notice that the level is a positive integer by [DM3i Theorem 1.1]. Since /i is a positive 
integer, it is a multiple of 4 by (iii). Hence, by (i), g is isomorphic to the semisimple Lie 
algebra of type G\ or C|. In particular, the rank of g is equal to 6. By the conjugacy of 
Cartan subalgebras and (ii), the root system of g contains A^, which implies that g is of type 
G\. Thus we have proved the proposition. □ 
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